We study cosmological tensor perturbations induced by second-order scalar perturbations in the presence of anisotropic non-Gaussianity. This class of induced tensor modes arises on superhorizon scales through the intrinsic quadrupole coupling between long modes and short modes. Scalar perturbations on all scales from the inflationary Hubble radius to the Silk damping scale at recombination contribute to the induced tensor powerspectrum at the cosmic microwave background (CMB) scale. In addition, the induced tensor spectrum becomes almost scale-invariant. The former property suggests that measurements of the CMB offer a test of tiny scale physics. However, the latter implies the secondary effect may contaminate the primordial tensor spectrum, which tells us the energy scale of inflation. We derive the induced tensor modes originated from two concrete examples of anisotropic non-Gaussianity; statistically anisotropic scalar non-Gaussianity and scalar-scalartensor non-Gaussianity, and discuss observational consequences of extremely short scale physics. Also, we comment on various possibilities of enhancing the induced spectrum with nonstandard early Universe physics. arXiv:2001.00409v1 [astro-ph.CO] 2 Jan 2020
I. INTRODUCTION
A common feature of gravitational waves sourced after inflation is infrared behavior of the powerspectrum [1] [2] [3] . The induced spectrum is always suppressed on superhorizon scales because some physical process causally generates the gravitational waves. For example, a quadratic source of scalar perturbations induces the dimensionless tensor powerspectrum, which scales as q 3 in the q → 0 limit. Consequently, even if catastrophic gravitational wave productions happened inside the tiny horizons in the early Universe, we would not see the remnants in the low frequency tale of the induced tensor powerspectrum that is related to B-mode polarization of the cosmic microwave background (CMB).
In the above example, the previous works mostly assumed Gaussian scalar perturbations for the initial condition, which does not allow mode coupling of different Fourier modes. Causal processes secondarily produce additional mode couplings between subhorizon modes, but superhorizon correlations never arise. Thus, Gaussianity of the initial scalar perturbations is a reason for the scaling. On the other hand, primordial non-Gaussianity, in particular, the local shape gives intrinsic mode mixing between long modes and short modes at second-order as the primordial bispectrum is nonzero in the squeezed limit. This property means that subhorizon modes couple to the superhorizon modes at second-order. Therefore, including this type of initial condition, we will see entirely different infrared scaling of the induced tensor powerspectrum. It would be interesting if the induced superhorizon modes carry cosmological information at tiny scales because we can test it, using the recent polarization B-mode measurements (see Refs. [4] [5] [6] [7] for recent efforts of B-mode measurements). Refs. [8] [9] [10] studied * a.ota@damtp.cam.ac.uk primordial non-Gaussianity for the induced gravitational waves, but no one has considered the generation of superhorizon tensor perturbations. Indeed, standard isotropic non-Gaussianity never induces the superhorizon tensor modes, and we will show quadrupole anisotropy in non-Gaussianity is essential.
In this paper, we compute induced tensor perturbations for statistically anisotropic scalar non-Gaussianity [11] [12] [13] [14] [15] [16] [17] [18] [19] and scalar-scalar-tensor non-Gaussianity [20] [21] [22] [23] [24] [25] [26] . The former correlation functions yield in inflationary models in the presence of the spinning fields, which break background isotropies in the early Universe [15] [16] [17] [18] [19] . The latter case is more common even for single-field inflation models [20] [21] [22] [23] , and one expects enhancements in some models with massive spin-2 fields [25, 26] . We discuss the observational consequences of these non-Gaussian initial conditions with various nonstandard early Universe physics such as a specific reheating scenario and primordial blackhole formation, which enhance the secondary tensor perturbations. This paper is organized as follows. First, we give a brief introduction to mode coupling between long modes and short modes in the presence of local non-Gaussianity in section II. We introduce operator product expansion (OPE) of cosmological perturbations, which is a useful mathematical tool for the soft limit calculations. Then, we review an example of the mode coupling effects in the case of scalar perturbations. In section III, we present a second-order cosmological perturbation theory to compute induced tensor perturbations. We derive a superhorizon solution for non-Gaussian initial conditions and study the evolution of the source functions in section V. We show that the superhorizon tensor perturbations arise if the OPE coefficients have quadrupole anisotropy. In section IV, we give two examples of the anisotropic OPE coefficients: statistically anisotropic non-Gaussianity and scalar-scalartensor non-Gaussianity. We discuss the observational consequences of these two examples in sections VI and VII. Then we give a summary and conclusions in the final section.
II. MODE COUPLING EFFECTS AND PRIMORDIAL NON-GAUSSIANITY
In this section, we explain the role of primordial non-Gaussianity for the mode coupling effects of cosmological perturbations. We will also give an example of observable mode coupling effects in the case of scalar perturbations.
A. Operator product expansion for cosmological perturbations
In the standard framework of cosmological perturbation theory, the inflationary Universe sets initial conditions of cosmological perturbations on superhorizon scales. These modes are constant on superhorizon scales, re-enter the horizon as the Universe expands, and evolve to form various structures in the present Universe (e.g. Refs [27, 28] for reviews). While they are initially almost linear Gaussian perturbations, causal processes secondarily produce nonlinearity on subhorizon scales. Even in the radiation era where the density perturbations do not grow, there exist nonlinear effects. For instance, we can describe friction heat due to shear in a viscous photon-baryon plasma in second-order cosmological perturbation theory. We see the linear CMB temperature anisotropy is damping at multipole > O(100) in the observed angular powerspectrum. We only observe this damping feature at first order, but the friction heat arises and deforms the blackbody spectrum at secondorder [29] [30] [31] [32] [33] . Not only the scalar perturbations but also the vector and tensor perturbations arise at secondorder. The induced second-order vorticity in the photonbaryon plasma during recombination leads to magnetic fields [34] [35] [36] [37] [38] [39] [40] [41] , and the quadrupole anisotropy at secondorder scalar perturbations produce the tensor perturbations [1-3, 8, 10, 42-61] . A common thing among these secondary effects is that physical processes induce these effects. Hence the powerspectra of these secondary effects are significant, in principle, at causal scales. The dimensionless powerspectra of them scale as q γ with γ > 0 on superhorizon scales [1-3, 39, 40, 62] , in the variety of examples. Thus the secondary cosmological perturbations are not produced on superhorizon scales q → 0, which makes sense in terms of causality.
So far we mentioned secondary effects originated from a Gaussian primordial perturbation ξ, which we write the powerspectrum in the following way: ξ(q)ξ(q ) = (2π) 3 δ (3) (q + q )P (q).
(1)
ξ can be, for example, the adiabatic or isocurvature perturbations. Various inflationary models predict q 3 P (q) is almost scale-invariant with a small tilt. The delta function appears because of background homogeneity during inflation. Thus, Gaussian perturbations only couple to the same Fourier modes. On the other hand, many inflationary models also predict intrinsic nonlinearity in cosmological perturbations. For example, we write local form non-Gaussianity as
where we have defined B ξ (q, k 1 , k 2 ) ≡ f NL (P (q)P (k 1 ) + 2 perms.) .
In contrast to Eqs. (1), (2) tells us ξ couples to the various Fourier modes at second-order. Moreover, Fourier modes are correlated even for a squeezed limit where one of the three modes is on superhorizon scales. This kind of correlation is possible because some nonlinear interaction induces them during inflation [20] . Thus, thanks to local form primordial non-Gaussianity, the superhorizon perturbations couple to the subhorizon ones a priori in the Universe after inflation.
Operator product expansion (OPE) of cosmological perturbations gives us a more intuitive picture of this sort of mode coupling. Eqs. (1) to (3) suggest that we may expand a momentum space operator product in the following way:
where · · · imply some possible operators for given initial conditions. Taking the expectation value of both sides of Eq.(4), and taking q/k → 0 limit, we immediately find the first term is consistent with Eq. (1) . Multiplying ξ(q ) on the both sides, one finds the matching condition for C ξ : ξ(q )ξ k + q 2 ξ −k + q 2 =(2π) 3 δ (3) (q + q )C ξ (k, q)P (q) + · · · + O(q/k).
(5)
The left hand side (LHS) is given in Eqs. (2) and (3), so we find
Thus, non-vanishing C ξ means mode coupling between short modes and long modes. Depending on the types of primordial non-Gaussianity, we have a variety of possibilities of OPE. We will discuss concrete examples of them in section IV.
spectrum of the CMB is a perfect blackbody with small anisotropies because the early Universe was dense radiation fluid, and photon interactions rapidly realize local chemical equilibrium states. However, precise numerical simulations revealed that the early Universe was out of chemical equilibrium after the redshift z 2 × 10 6 when the double Compton scattering becomes inefficient [63, 64] . After that, the Compton scattering dominates photon interactions, which conserves the number of photons; therefore, the thermalization of nontrivial energy injection to the local blackbody will not only change the local temperature but also induce the nonzero chemical potential. This process continues until z 5 × 10 4 when the Universe departs from kinetic equilibrium. A possible source of this additional energy injection is friction heat that arises because of the acoustic oscillation of a viscous photon-baryon plasma [29, 31, 32] . The friction heat is second-order in the cosmological perturbations, and hence the induced chemical potential µ can be generally written as [65] µ(η, q;p) =
whereμ(η, k 1 , k 2 ;p) is a transfer function in second-order perturbation theory that we find by solving fluid dynamics with gravity. Note thatp is the direction of photons. Introducing a new coordinate
we integrate Eq. (7) with respect to q , and one finds
Employing Eq. (1), we find an averaged µ parameter
where real space position x can be arbitrary. On the other hand, with Eqs. (4) and (6), the fluctuation of the chemical potential δµ ≡ µ − µ in Fourier space becomes [62, 66] δµ(η, q;p) =2f NL µ ξ(q) + O(q/k).
Let k 0 be the horizon scale. Then the transfer functionμ(η, k 1 , k 2 ;p) will mask k 1 , k 2 < k 0 modes because physical dissipative process happens only on subhorizon scales. Hence, for the q k 0 modes, we safely truncate the gradient corrections in Eq. (11) . Thus, shortwavelength perturbations produce µ fluctuations on top of the long-wavelength linear perturbations through primordial non-Gaussianity. The monopole spectral distortion anisotropy is constant before it enters the horizon We use k and q for a loop and an external momenta, respectively. a) µ corresponds to a tadpole diagram but is not divergent because ofμ in Eq. (10) . b) δµgδµg is understood as a 1loop diagram. This diagram implies that a Gaussian induced µµ propagator P G µµ is q independent in q/k → 0 limit. Hence q 3 P G µµ ∝ q 3 . Therefore superhorizon correlations are prohibited. c) δµngδµng corresponds to a 2-loop diagram. We can take the loop momenta k1 and k2 independently from the external momentum q. Therefore, we get a non-vanishing contribution for q → 0.
as usual density perturbations. This process does not violate causality because nonlinear interactions during inflation induce the mode coupling between long modes and short modes.
While the µ anisotropy in the CMB sky is tiny as its monopole is µ ∼ q 3 P ∼ 10 −9 , the cross-correlation of δµ and the temperature perturbation Θ is sensitive to f NL . This is because Θ ∝ ξ so that Θδµ ∝ f NL P 2 [62] . Also, the µ auto powerspectrum is related to the collapsed limit trispectrum conventionally parameterized by τ NL , which is related to the squeezed bispectrum as τ NL ≥ f 2 NL [67] . This inequality follows from all possible terms in Eq. (4), and hence τ NL = f 2 NL for single field cases. One may wonder that the µµ auto powerspectrum is also sourced by the Gaussian perturbations, and the Gaussian contribution should be more significant than the non-Gaussian contribution because δµ g δµ g ∼ P 2 and δµ ng δµ ng ∼ τ NL P 3 . As we show in Fig. 1 , we may consider these µµ correlation functions are 1-loop and 2-loop diagrams, respectively. Therefore, naively, we expect the 1-loop diagram is more significant than the 2-loop contribution (see caption of Fig. 1 for details of diagrammatic explanations).
Indeed, O(q/k) corrections contain the Gaussian contribution, and hence the 1-loop contribution is suppressed for q/k → 0. In Ref. [62] , the angular powerspectrum of µ is evaluated for both Gaussian and non-Gaussian initial conditions as
The Although the µ anisotropies are damping as the CMB temperature anisotropies on small scales, let us ignore this effect and extrapolate the angular powerspectrum to phys. = 10 8 , which corresponds to the physical scales of µ generation at the redshift z ∼ 10 6 :
2 C µµ,ng = phys.
Thus, on the scale where µ is generated, the Gaussian contributions are dominant as expected.
So far, we reviewed a concrete example of spectral distortion anisotropy, but we may generalize a conclusion of this section as follows: secondary quantities sourced by high k modes will acquire long-wavelength correlations for local non-Gaussianity, and hence we may observe extremely short wavelength perturbations by observing low k spectrum. Now, we notice that the induced tensor perturbations are similar to the spectral distortion anisotropy: quadratic sources on small scales generate them. Then, can the induced tensor perturbations be produced on superhorizon scales due to primordial non-Gaussianity?
III. COSMOLOGICAL PERTURBATION THEORY AT SECOND-ORDER
As we described in the previous section, this paper aims to calculate the induced tensor perturbations in the presence of primordial non-Gaussianity. More concretely, we are going to generalize Eq. (11) for the tensor perturbations and evaluate their powerspectrum. Hence we perturb both gravity and matter up to second-order in cosmological perturbation theory. In this section, we give a self-contained introduction to second-order cosmological perturbation theory and find the superhorizon solution of the induced tensor modes. Then we introduce the induced tensor powerspectrum, which we will compare with observations.
A. Gravity
First of all, we write the metric tensor g µν in the following way:
where a is the scale factor, and we have chosen conformal Newtonian gauge for the scalar perturbations. The nonlinear metric perturbations can be expanded into X ≡ n=1 X (n) for X = A and D with n being the order in primordial perturbations. H ij is traceless transverse secondary tensor perturbation or first-order primordial one. We ignore vector perturbations for simplicity. Note that Refs. [43, 79] discussed gauge dependence of the induced tensor perturbations, and Ref. [80] recently evaluated them in various gauges and show that the induced effect increases in some gauges. Thus, the secondorder tensor perturbations depend on gauge conditions for the scalar perturbations. In this paper, we work on the conformal Newtonian gauge, where one can identify the nonlinear instability with that in Newtonian gravity on subhorizon scales.
Starting from Eqs. (16) to (18), we obtain each component of the Christoffel symbol
as
A prime is a derivative with respect to the conformal time, and H ≡ a /a is the comoving Hubble parameter. Then the Ricci tensor
is obtained as
Finally, the Einstein tensor
is given as
One finds a more detailed derivation, for example, in Ref. [81] .
B. Matter
Next, we introduce the energy-momentum tensor. Assuming the matter sector is a perfect fluid, we have the following energy-momentum tensor:
where u µ is time-like 4-velocity of the fluid, which satisfies g µν u µ u ν = −1. A static observer on the fluid measures the energy density ρ and the pressure p. Introducing the equation of state p = wρ, we get
Note that anisotropic stress is non negligible on small scales, but we drop it for simplicity.
C. The Einstein equation
Using the Einstein equation
we will compute the evolution of the tensor perturbation at second-order. First of all, we find the evolution of the fluid velocity using Eqs. (32) , (35) and (37) as
Then, we can write the spatial component of the energy momentum tensor (36), using the metric perturbations, and one finds
We also used Friedmann equation 3H 2 M 2 pl = a 2 ρ, which follows from the background 00 component of the Einstein equation (37) . Combining this expression with Eq (33), we get
where the source term is given as
The dots imply the terms proportional to δ ij or total derivatives, which do not contribute to the second-order tensor perturbations.
We solve Eq. (40) in Fourier space where we expand cosmological perturbations into helicity. In this paper, we define the Fourier transform of X(η, x) as follows:
For the adiabatic initial condition, we usually normalize the scalar perturbations by the curvature perturbation on the uniform density slice ζ as
where a tilde means a transfer function. This ζ is a gaugeinvariant and superhorizon conserved quantity; therefore, we commonly use it to relate some predictions of the early Universe models with physics in the late Universe. We will discuss concrete expressions of the transfer functions in section V B. Tensor perturbations are expanded into
where ±2 represent the helicity ±2, and e (s) ij is the gravitational wave polarization tensor whose normalization conditions are given as e 
Using the above helicity decomposition, we find the evolution equation of the tensor modes. In Fourier space, multiplying e L is set to unity on superhorizon scale qη → 0.
We will find the latter solution by the Green's function method. A Green's function of Eq. (46) is easily found in qη → 0 limit. In this limit, we solve
It is straightforward to integrate this equation:
For an arbitrary constant w ( = −1/3), the scale factor is given as a ∝ η 2 1+3w . The above Green's function depends on the equation of states at bothη and η , and w is not necessarily the same for them. For example, consider the induced tensor modes arise in the radiation era (w(η) = 1/3). Then we also need to follow their evolution in the late matter era (w(η ) = 0). Thus, we should split the η integral into several parts, depending on w ≡ w(η ). If w is constant for η n < η < η n+1 , one can expand Eq. (49) into
where η 1 =η, η N = η, and
Note thatw = w(η), and Λ n is a constant whose dimension is Mpc. Λ would be typically given by the conformal time at transition, so η n−1 < Λ n < η n . Then we find
Since we haveη ≤ η n < η n+1 and w ≤ 1/3, we obtain
where γ > 0. This fact implies that the size of the leading term fixes when it arises atη, and the induced superhorizon modes do not depend on η, i.e., the induced tensor perturbations are conserved on superhorizon scales.
The RHS of Eq. (46) is also simplified for q/k → 0. Assuming the following OPE
with ξ (0) ≡ ζ and using Eqs. (41) , (42) and (43), we find
where C s ,2s (k, q) is the quadrupole harmonic coefficient of C s (k, q) fork, and we used
Note that we will fix the OPE parameters in the following sections.
To summarize, we find the following superhorizon solution to Eq. (46):
where we introduced a k space window function
Thus, C s ,2s (k, q) = 0 is necessary to get non-vanishing superhorizon induced tensor perturbations. q → 0 has two meanings; qη → 0 and q/k → 0. The former means we consider the superhorizon induced perturbations, and the latter implies a hierarchy between the scale of the induced tensor modes and that of the quadratic sources. Interestingly we may write the nonlinear part of Eq. Thus, we can treat the induced tensor perturbations as if they are linear perturbations in q/k → 0 limit even when qη is not small. Therefore, we may linearly extrapolate the evolution of the induced tensor perturbations after the horizon entry for q/k → 0 configurations. This property is useful because we can avoid a complicated calculation of second-order perturbation theory for the evolution after the horizon entry.
E. Induced powerspectrum
Our observables are B-mode polarization, which is produced by the induced tensor perturbations at the last scattering surface. The maximum observable wavenumber is the Silk damping scale k D at recombination time η rec. . Therefore, we evaluate the induced tensor perturbations of 1 q < k D (η rec ).
Note that the solution is written in the form of Eq. (60) for k > k D (η rec ), so we chose the lower bound of k integral (58) as k = k D (η rec ) and ignore k D (η rec ) > k modes. Also, we evaluate the induced powerspectrum when this mode enters the horizon, that is, at η D ≡ k −1 D (η rec. ). One can justify this prescription because we already know non-Gaussianity is tiny at k D (η rec ) > k through the CMB anisotropy measurements. Now, we define the powerspectrum of the induced tensor perturbations as
which can be decomposed into P H (q) = P H,NL (q) + 2P H,NL−L (q) + P H,L (q). (63) P H,NL , P H,NL−L and P H,L are auto powerspectrum of H NL , cross powerspectrum of H NL and H L , and auto powerspectrum of H L , resepctively. Note that the induced tensor powerspectrum can be angular dependent: we will show in the following sections that statistically anisotropic non-Gaussianity inevitably induce the statistically anisotropic tensor perturbations. In the present normalization condition, we can also
. Therefore, we introduce the tensor-to-scalar ratio as
where we introduced the scalar powerspectrum
We also use the dimensionless powerspectrum P ζ ≡ k 3 P ζ /2π 2 in the following sections.
IV. INITIAL CONDITIONS
Eq. (58) shows that superhorizon induced tensor perturbations are nonzero for quadrupole OPE coefficients. Indeed, such an angular dependent coefficient does not appear in the most standard scalar non-Gaussianity, but we will see it is not vanishing for anisotropic non-Gaussianity.
A. Case 1: Statistically anisotropic non-Gaussianity
Let us consider scalar bispectrum defined as
For standard statistically isotropic perturbations, bispectra can be parameterized by at most 3 parameters as B ζ (k, k , q). On the other hand, some inflationary model with U(1) gauge fields predicts violation of statistical isotropy, which results in the additional angular dependence of the scalar bispectrum [11, 12, 17] . More generally, higher spin fields during inflation leave anisotropy in primordial non-Gaussianity [15] [16] [17] [18] [19] . In this article, let us focus on the most straightforward and concrete example of spin 1. In the squeezed limit, one can write such a bispectrum in the following form (see e.g., Ref. [12] )
whered is a preferred direction in the presence of a vector field during inflation. N (q) ∼ 60 e-folds, and g (k) is a parameter which is related to the U(1) gauge field strength and inflationary potential evaluated when a k mode exits the horizon. This g controls the magnitude of the anisotropy. One can write the angular dependent part using the spherical harmonics in the following way:
Then we can expand the squeezed limit bispectrum as follows:
where i runs from 1 to 3, and multi-harmonic coefficients are defined as
with the Gaunt integral
We find the OPE coefficient for s = 0 as
Then, Eq. (60) becomes
where we have defined
Without loss of generality, we may choose a z axis, so let us considerẑ q. In this case, we find
Then, we may simplify r by using Legendre polynomials: r = s, , 2 3 2 3 2 + 1 4π 2 2 + 1 4π 
where we assume that the primary tensor perturbations are subdominant for simplicity. Simplifying Eq. (75), we get
Introducing Legendre expansion of the tensor-to-scalar ratio
we find the monopole component
r depends on q through N (q), which is almost scale invariant at the CMB scale. Thus, we can have a scaleinvariant tensor powerspectrum without primordial tensor perturbations. Moreover, the tensor powerspectrum becomes statistically anisotropic, and we obtain the following consistency relations:
which can be useful to distinguish the induced tensor powerspectrum from the other initial conditions.
B. Case 2: scalar-scalar-tensor non-Gaussianity
Another possibility of angular dependent OPE coefficients is scalar-scalar-tensor non-Gaussianity:
This type of scalar-tensor cross bispectrum was discussed in Refs. [20] [21] [22] [23] [24] [25] [26] . In particular, authors in Ref. [25] showed that massive spin-2 fields potentially enhance this correlation without changing the standard predictions of single-field inflation. In the squeezed limit, B 
where we assumed separable coefficient α (s) β, which is 1 for slow-roll single field inflation. By definition, primary tensor perturbations are inevitable in this case. Hence, one would be more interested in a possibility such that the induced effects dominate the primordial tensor perturbations. Combining Eqs. (55) and (81), we find
Then s = ±2 coefficient in Eq. (60) is nonzero, and we obtain
where we have defined h ±2 (η, q) ≡ 3π 10
The total tensor powerspectrum is
Thus, we cannot distinguish the induced powerspectrum from the primary tensor powerspectrum as long as α is scale invariant. Let us write the cross term of the linear and nonlinear parts of the tensor-to-scalar ratio as
If |r NL−L | > 1, the observed tensor perturbations are dominated by the induced contributions. Therefore, r NL can be large enough to observe even if the primary contribution is small.
V. EVALUATION OF THE INDUCED TENSOR PERTURBATIONS
In the previous sections, we presented a theoretical framework of the superhorizon induced tensor perturbations. The first goal of this article is to evaluate Eqs. (78) and (86) by computing the window function (59) and integrating it in k space.
A. Characteristic scales
As we discussed in Eq. (62), we evaluate the superhorizon tensor powerspectrum at some conformal time before horizon entry of the Silk damping scale at recombination. In this paper, we chose η D = 10.Mpc in Eq. (62). Then the lower limit of the k space integral (58) is k D = 0.1Mpc −1 since H = 1/η in the radiation era. On the other hand, the upper bound of k space integral should be the horizon scale k I at the end of inflation. The present Hubble parameter is 67km · s −1 · Mpc −1 , so we get k 0 = 2.2 × 10 −4 Mpc −1 . Then k I = H(η I )H(η 0 ) −1 k 0 = e 60 k 0 = 2.6 × 10 22 Mpc −1 for inflation of e-fold 60. Therefore, we integrate the window function for 0.1 kMpc 10 22 and evaluate it at η = 10.Mpc.
The Universe has experienced different regimes before recombination since inflation terminated. First of all, if the inflaton or some other fields oscillate at the bottom of inflationary potential, the Universe becomes matter dominant effectively. We call this epoch an early matterdominated epoch. Depending on preheating or reheating scenarios, this early matter era takes a short time or a long time. Then, fields decay into radiation, reheating terminates, and the Universe becomes radiation dominant. Finally, cold darkmatter starts to dominate after redshift z ∼ 3400, or k eq = 2(2 − √ 2)η −1 eq ∼ 0.01Mpc −1 . We call this period the late matter era.
The evolution of the induced tensor modes highly depends on the evolution of the background Universe, or more directly, the evolution of the gravitational potential. In the radiation era, the gravitational potential is decaying after the horizon entry, and fluid velocity is not growing. As a result, the secondary source is damping soon after the horizon entry. On the other hand, during the matter era, the linear gravitational potential is constant on all scales, and the fluid velocity is growing on small scales. Therefore, the source is not decaying, and tensor perturbations can be induced a lot in the early matter era.
In contrast to the transition from the radiation era to the late matter era, we know very little about the transition from the early matter era to the radiation era. Even worse, we have no idea when it happened. Hence, reheating temperature T R or reheating conformal time η R ∼ k −1 R are free parameters in the following analysis. η I ∼ k −1 I is the minimum possible value of η R for instantaneous reheating after inflation. In most cases, we assume T R should be above the temperature of Big Bang nucleosynthesis (BBN). The relation between T R and η R is given as [55] η R = 10 −14 Mpc g s 106.75
with the effective degrees of freedom for the entropy density g s and the effective relativistic degrees of freedom g. For simplicity, we ignore the details of transition; we evaluate contributions from the radiation era and early matter era separately. However, Refs. [54, 55] studied induced tensor perturbations for a sudden transition and a gradual transition from the early matter era to the radiation era, providing concrete models. In this paper, we will comment on the superhorizon induced spectrum for the sudden transition after some conservative analysis.
B. Analytic transfer function of the gravitational potential
In this article, we do not integrate the Einstein equation full numerically. Instead, we use analytic transfer functions of the gravitational potential with several assumptions. First, when we ignore the anisotropic stress in the Einstein equation, one finds A = −D. Note that this assumption is not valid deep inside the horizon. Then, we assume the equation of state is constant. For an arbitrary constant w, with a ∝ η 2 1+3w , we find [27] A + 6(1 + w) 1 + 3w
and its general solutioñ
where ν ≡ (5 + 3w)/2(1 + 3w). J ν and Y ν are the Bessel functions of the first kind and the second kind, respectively. In each era, matching the coefficients on superhorizon kη → 0, we obtaiñ
where Γ is the Gamma function. For w = 1/3, one finds [28] A(η, k) = 2 3
Also, for w = 0, we getÃ = −D = 3/5 on superhorizon scale. In the early matter era, we write the transfer functions asÃ
where we introduced the step function θ to include the cut-off scale. Two factors determine this cut-off scale. First, the early matter era starts when inflation ends at η = η I . The initial condition of the gravitational potential is well-defined on the superhorizon scale at that time, so we drop modes inside the horizon at η I for simplicity. Second, in the matter-dominated epoch, density perturbations grow nonlinearly. Using the Poisson equation
and the Friedmann equation
with H = 2/η in matter era, we find
As A is constant in matter era, and we have A = 3/5 P ζ for the scale invariant curvature perturbations. Assuming P ζ = 2.2 × 10 −9 , we find δ = 1 for kη ∼ 462. Solving this equation, the authors in Ref. [48, 49, 55] concluded that the non-linear cut-off scale is given by 462/η and hence
However, nonlinear evolution normally starts before δ gets unity in linear theory. So, writing the full density contrast as δ = δ L + δ NL , we should get δ NL = 1 δ L . Thus, Eq. (96) does not provide a cut-off scale of linear perturbation theory properly. In other words, when we get δ L = 1, one finds the full density contrast is above unity. Nevertheless, we may justify computing tensor perturbations using Eq. (96) in the present case. This justification is because different OPEs coefficients determine the significance of the nonlinear terms. For example, one can parameterize a cubic order operator product by the conventional local form cubic order parameter g NL . However, such a contribution is normally subdominant because higher-order non-Gaussianity employs an additional P ζ . Also, the gravitational potential is not highly nonlinear even if the matter perturbations become large. Therefore, the quadratic term of linear perturbations would be dominant for the source of superhorizon tensor perturbations, even in the nonlinear regime. Then, can we extend the cut-off scale to an arbitrarily small scale? The answer is "no", but we point out that one can extend the cut-off scale more. In this case, the crucial scale is given by the critical density δ c = 1.69 rather than δ = 1. In the Press-Schechter theory for halo formation, a spherical region collapses when the linear density perturbations reach the critical density (see, e.g., [27] , for a review of the nonlinear collapse). One usually considers that shell crossing happens at some point in the non-perturbative regime, and dense regions are virialized. We account for this smoothing effect by introducing the cut-off scale with a step function (92); therefore, more optimistically, we may improve the cut-off scale as k cut = min.[585/η, 1/η I ].
(97)
In this article we will use this cut-off scale instead of Eq. (96).
C. Window functions
Using the above approximate formulae, let us evaluate the window function (59) at η = η D . We show plots of the window function (59) in Fig. 2. In Fig. 2 , we evaluated the window function for the radiation era and the early matter era with T R = 1.2 × 10 7 GeV. The contribution from the radiation era is asymptotically flat on high k. We can see the window function is enhanced for the early matter era, as was pointed out in Ref. [48] . The plateau during early matter era is because of the step function θ(k cut (η) − k). If we do not have this step function, the window function blows up because of the linearly extrapolated high k modes.
Refs. [54, 55] showed that details of the transition from the early matter era to the radiation era might affect the induced tensor perturbations. They found that, depending on the transition time scale, induced tensor perturbations can be amplified or suppressed significantly. For example, if it is a sudden transition, scalar perturbations
Plots of the window functions for the early matter era, the radiation era and their sudden transition. We chose TR = 1.2 × 10 7 GeV, which is equivalent to ηR = 10 −14 Mpc. The secondary source for radiation era (dashed line) is almost scale-invariant, and the window for early matter era (dotdashed line) is 10 3 times bigger than that of the radiation era. The solid orange line accounts for both era and their sudden transition.
deep inside the horizon at the initial time of the radiation era strongly enhance the induced spectrum. This enhancement is because high k modes oscillate quite rapidly after the transition. We find the scalar transfer functions by matching the gravitational potential and its derivative at η = η R using Eq. (89), following Ref. [55] . Note that they pointed out we may assume continuity of the gravitational potential on subhorizon scales, while it is discontinuous on superhorizon scales. Then, in Fig. 2 , we showed the enhancement due to the sudden transition from the early matter era to the radiation era. We can see a huge enhancement in k R < k < k cut (η R ). The peak of the window function is O(10 9 ) at k = k cut . We can reproduce this value by evaluating Eq. (59) as
Thus, the term proportional to (D /H) 2 in Eq. (59) gives the peak.
VI. TENSOR-TO-SCALAR RATIO FOR STATISTICAL ANISOTROPY
Now we discuss observability of the induced tensor powerspectrum. In this section, we estimate the tensorto-scalar ratio for the statistically anisotropic scalar non-Gaussianity (67) . Here, we assume g is scale-invariant for simplicity. . 3 . Tensor-to-scalar ratio as a function of kmax for the early matter era, the radiation era and their sudden transition. We chose TR = 1.2 × 10 7 GeV, which is equivalent to ηR = 10 −14 Mpc. The logarithmic divergence is slow enough for practical values of kmax.
A. Induced spectrum in the radiation era
As we mentioned, T R is a model-dependent parameter in the present analysis, and the choice of T R changes estimations drastically. Therefore, we first give the most conservative estimation of the spectrum in the radiation era and discuss upper bounds on parameters. In Fig. 3 , we plot Eq. (78) as a function of k max , which is the integral upper bound in Eq. (58) . For pure radiation era and k max Mpc = 10 22 , Fig. 3 shows r 0 ∼ 10 11 (P ζ g ) 2 .
(99)
Since the k space window function is nearly constant as we showed in Fig. 2 , we see r is logarithmically divergent but is not sensitive to the practical choice of k max . Now, let us discuss upper bounds on statistical anisotropy. No one knows about short-wavelength density powerspectrum, so we constrain or forecast a pair of (P ζ , g ). Fig. 4 is a contour plot of tensor-to-scalar ratio in (P ζ , g ) plane. The red dashed line corresponds to r = 0.056, so the current observations exclude the parameter region above this line [7] . The interval of the contour is 100 times, as shown in the legend. For the scale-invariant scalar powerspectrum, the upper bounds on g is much weaker than unity. However, once we have enhancements of P ζ or g in k D < k < k max , the signal would be detectable. The blue and yellow dashed line corresponds to r = 10 −6 and r = 10 −8 , respectively. In Ref. [44] , the authors estimated the B-mode powerspectrum due to the induced tensor perturbations. In the previous analysis, the initial condition was Gaussian so that the scalar perturbations on k rec. < k < k D sourced the induced tensor powerspectrum, as we discussed in section II B. They showed that this signal corresponds to r ∼ 10 −6 , which can be noise for the monopole tensor-to- , which is comparable to noise due to the induced gravitational waves from Gaussian initial conditions. The yellow dashed line means r = 10 −8 . This line gives the observable lower limit of anisotropic part of r for the above noise. The red solid line includes the enhancement due to sudden transition from the early matter era to the radiation era.
scalar ratio unless we observe primordial tensor perturbations of r > 10 −6 . Also, as Ref. [82] has discussed possible lower bounds of detectable r, we can remove lensing contaminations to observe r ∼ 10 −6 . Then, once we measure tensor-to-scalar ratio r obs = max[r L , r NL , 10 −6 ], what is the measurable lowest value of g ? For the monopole tensor-to-scalar ratio, apparently we cannot see the signal below r obs , so the error bar is ∆r 0 ∼ r obs , which corresponds to ∆g ∼ 20 for r obs = 10 −6 . On the other hand, as we showed in Eq. (79), the non-Gaussian induced contribution is statistically anisotropic and has P 2 and P 4 dependence. Consistency relation (79) is useful to test anisotropic initial conditions. Ref. [83] studied detectability of statistical tensor anisotropy. They showed that we might observe the Legendre coefficients of the tensor powerspectrum up to 1% level of the observed monopole component 2 . Therefore, the error bar would be ∆r 2 , ∆r 4 ∼ r obs /100. Suppose we get r obs = 10 −6 , ∆r 2 ∼ ∆r 4 ∼ 10 −8 . We showed 10 −8 with the yellow line in Fig. 4 , which corresponds to ∆g = 0.2. Thus, for the most conservative setup, the error bar on g is not improved, compared to ∆g = 0.02, which we observed in the previous analysis with CMB temperature anisotropies [84] . However, our forecast covers complementary scales for the previous analysis based on Planck. They derived the strong upper bound on g (k) for k 0 < k < k D . On the other hand, the present induced tensor perturbations are sensitive to g (k) on k D < k < k I . Thus, they studied g of 6 to 7 e-folds only, but our forecast covers the rest of e-folds more than 50.
B. Induced spectrum in the early matter era
Next, we consider the tensor-to-scalar ratio for various reheating temperatures. In Fig. 3 , we can see r is enhanced during the early matter era by a factor of 10 3 to 10 4 , depending on the reheating temperature. Assuming scale invariant curvature perturbations, i.e, P ζ = 2.2 × 10 −9 , we show a contour plot of r in T Rg plane in Fig. 5 . Then, ∆g improves by a factor of 10 3 to 10 4 . Thus, if there exists an early matter era, it has a considerable impact on the superhorizon induced tensor modes.
C. Enhancement due to sudden transitions
We also leave a comment on the enhancement of the induced tensor perturbations for the sudden transition from the early matter era to the radiation era. The tensor-to-scalar ratio as a function of k max is shown in Fig. 3 . As we see in this plot, the enhancement due to the transition is dominant, and hence T R dependence is lost. We found that the tensor-to-scalar ratio is amplified by a factor of O(10 12 ) compared to the pure radiation case, which we can estimate as 8 225 · 24 · 60 · 1 4 W(η, k cut ) 2 10 11 ∼ 10 12 ,
where we used Eqs. (73) , (78) and (98). In Figs. 4 and 5, we also show this enhancement with a solid red line. Thus, in this case, the present upper bound on r has already strongly constrained the anisotropy as g < 3.5× 10 −4 .
VII. TENSOR-TO-SCALAR RATIO FOR SCALSR-SCALAR-TENSOR NON-GAUSSIANITY In Eq. (85), we showed that the induced powerspectrum and the primary spectrum scale in the same way. Also, Eq. (79) is not applicable for scalar-scalar-tensor non-Gaussianity. Thus, in principle, we cannot distinguish these tensor spectra, which would be a problem if we observe the intrinsic B-mode polarization in the future. Of course, the nonlinear part is dominant only for large parameters |αβ| × P ζ 2.2 × 10 −9 1.4 × 10 5 ,
when we only account for the radiation era (we assume α (±2) = α and β are scale invariant.). However, such a large parameter is not so ridiculous if we consider primordial black hole formation in the early Universe. Let us consider the scalar powerspectrum has a peak at k = k p . Here, we model this powerspectrum using the delta function as [46] P ζ (k) = A 2 δ(ln k/k p ),
where typically we have A 2 ∼ P ζ (k p )×(peak width). Using this spectrum, we find r NL−L r L ∼ 2 6π 5 A 2 α(q)β(k p )W(η D , k p ).
While we have to specify an inflationary model to fix |αβ|, the induced tensor mode can be dominant for A 2 = O(10 −2 ) and |αβ| = O(1). On the other hand, even for the scale-invariant perturbations with small nonlinear parameters, the induced spectrum can be enhanced, depending on reheating scenarios. For sudden transition in the previous section, we find r NL−L r L ∼ 4.8 × αβ × P ζ 2.2 × 10 −9 .
(104)
Thus, even for αβ = 1, tensor perturbations are dominated by the induced contribution. Note that any detection of tensor powerspectrum suffers from this degeneracy unless we exclude the above nonstandard early Universe physics.
VIII. CONCLUSIONS
In this paper, we studied induced tensor perturbations, at second-order in scalar perturbations, sourced by mode coupling effects originated from primordial non-Gaussianity. We derived a superhorizon solution of the induced tensor perturbations and computed the source term, applying OPE for cosmological perturbations. The amplitude of the induced spectrum is sensitive to the size of anisotropic non-Gaussianity and scalar perturbations on all scales from the horizon scale at the end of inflation to the Silk damping scale in the CMB anisotropies. Thus, the induced powerspectrum can be a powerful tool to test small scale physics, including primordial blackhole formations and reheating scenarios in the early Universe. We also found that the induced superhorizon tensor powerspectrum becomes scale-invariant in the presence of anisotropic non-Gaussianity; therefore, the on-going measurements of CMB polarization B-modes are more useful to detect these effects rather than the laser interferometers. We evaluated the induced tensor-to-scalar ratio for two concrete examples of anisotropic non-Gaussianity: statistically anisotropic scalar non-Gaussianity motivated by some inflationary model with a vector field, and scalar-scalar-tensor non-Gaussianity, which is more common for various inflationary models.
In Fig. 4 , we presented a contour plot of the tensor-toscalar ratio for a given scalar powerspectrum and statistical anisotropy. Upper bounds on g derived from this plot are much weaker than the present constraint by Planck. However, Planck only tested large scale isotropies on 6-7 e-folds, while our bounds apply to the rest of the total e-folds. Thus, we showed that the induced tensor powerspectrum offers a test of statistical anisotropy on smaller scales. In other words, if there are large anisotropies on tiny scales, the induced contribution contaminates the primordial tensor powerspectrum. This degeneracy is potentially a problem if we observe the primary Bmodes in the future because we cannot conclude the energy scale of inflation without excluding the possibility of observing the secondary spectrum. For the statistically anisotropic non-Gaussianity, the induced powerspectrum also becomes statistically anisotropic, so that we can distinguish the signals by looking at the angular dependence. On the other hand, the induced spectrum from the scalar-scalar-tensor non-Gaussianity completely degenerates with primordial contributions. This signal can be dominant only for considerable scalar-scalar-tensor non-Gaussianity. However, we showed that the induced signal could increase in the case of a specific reheating scenario with a sudden transition from the early matter era to the radiation era. Similarly, primordial blackhole formations lead to a significant enhancement of the induced tensor modes. Therefore, it is essential to specify the early Universe physics to identify the origin of the tensor powerspectrum if we measure it in the future. In this sense, combining the CMB polarization observations with gravitational wave laser interferometer experiments would be crucial.
Lastly, we point out future directions related to the formalism presented here. First, in this paper, we did not consider the details of gauge dependence of the secondorder tensor perturbations, but this would be important for the present case because we discussed superhorizon modes. Second, we assumed that statistical anisotropy is scale-invariant for simplicity. However, anisotropic inflation normally predicts scale-dependent anisotropy. There exist anisotropic attractor solutions, where initially unstable isotropic inflation converges to anisotropic inflation [85] . In this model, the early stage of isotropic inflation is consistent with the observed CMB anisotropies, but sizable anisotropies may exist on small scales. g (k) freezes out when the k mode exits the horizon. Therefore, the induced tensor powerspectrum would constrain the scale dependence of g . Third, we only considered statistical anisotropies originated from a vector field. However, remnants of some new spinning particles during inflation possibly produce anisotropic non-Gaussianity [15, 24] . Extending the present calculation to the higher spins would be straightforward. In general, the presence of spin s fields leads to ≤ 2s Legendre polynomials in the scalar bispectrum spectrum [15, 24] , so we conjecture the induced tensor powerspectrum has ≤ 4s statistical anisotropy. Depending on reheating scenarios, we would be able to constrain the presence of higher-spin fields during inflation severely. It would also be interesting to consider statistically isotropic non-Gaussianity in solid inflation because its squeezed limit formula has quadrupole angular dependence [86, 87] . Forth, we expect similar mode coupling effects for the various gravitational wave events in the early Universe, such as phase transitions, preheating, or topological defects. Our framework would allow CMB measurements to constrain parameters related to the above events with primordial non-Gaussianity, while we only focused on reheating scenarios and primordial blackhole formations in this paper.
We also leave more general comments on second-order effects of cosmological perturbations. One might wonder that similar machinery can be useful to discuss the secondary magnetic fields at a large scale. However, OPE coefficients in Eq. (4) cannot be an odd function of k due to the permutation symmetry of the operator product. Hence we cannot include Y 1,±1 (k) in the OPE coefficients, which are essential to get the secondary superhorizon vector perturbations. Thus, we only have diagrams similar to (b) of Fig. 1 for the second-order vector perturbations, which have been already discussed in many references [34] [35] [36] [37] [38] [39] [40] [41] .
